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better than the other transformation, and does not have any
convergence problem. Therefore, it is more accurate and
useful than the other two transformations considered here.

In this paper, the critical Reynolds number is sought.
Therefore, only the principal eigenvalue is of interest. For
this purpose, a local search method is employed by using
start-up values from the global computations. Details of this
process are given by Sahin.!?

Results and Conclusions

The critical Reynolds number for the rotating disk flow is
investigated by using a Chebyshev spectral method. Two
algebraic and one exponential transformations are used for
mapping the physical space to the spectral space. One of the
algebraic transformations is found to be best among the
three, partially due to having a resolution of collocation
points closer to the wall. Although it appears very efficient
in some cases, the exponential transformation is found to
have the problem of inconsistency.

In Fig. 1, the effect of J on the eigenvalue spectrum is
demonstrated. Increasing J causes more discrete eigenvalues
separate from the continuous spectrum. Apparent pairing of
the eigenvalues is due to having a system of two differential
equations.

By using a local search method, the critical Reynolds
number (R,) is found to be 285, as explained in Ref. 10. This
result is consistent with the result of Ref. 4 (R, =287) and in
the more recent work of Malik!! (R,=285.36) that is ob-
tained by a Newton-type iteration. As indicated,!! this is in
excellent agreement with experiments of Wilkinson and
Malik.!? The experiments, however, are not based on con-
trolled normal-mode-type disturbances. Despite success of
the linear theory, discrepancies, such as number of vortices
observed, still exist between the experiment.
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Introduction

ANY theories have been proposed to describe base
flows. Probably the best known theory is the Chapman-
Korst! model. This model arid its subsequent derivatives are
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able to predict steady base pressure, with good approxima-
tion, for moderate supersonic Mach numbers ( = 1.6) and thin
separating turbulent boundary layers. They show only a
qualitative agreement, however, in the variation of base
pressure, as a function of separating boundary-layer thick-
ness. The main problem appears to be the formulation of an
adequate reattachment criteria.

Tanner has circumvented this problem by using Os-
watitsch’s theorem, relating drag to rate of entropy increase in
the flow. In his supersonic base pressure theory, Tanner?
equates real flow with an inviscid flow with same base
pressure. Base pressure is obtained by equating the rate of
entropy increase, due to the reattaching shear layer, with the
difference in rate of entropy increase in the wake shocks of the
two flows.

Tanner has assumed that the influence of the separating
boundary layer on base pressure is manifested in modification
of momentum thickness of the reattaching shear layer. The
theoretical values of base pressure are in good agreement with
the experiment for Mach numbers in the range of M = 1.1 to
3, and separating boundary layers with momentum thick-
nesses up to 6/k = 0.85, where 8 is momentum thickness, >
and 4 is base height.

All of the above base flow theories, however, including that
of Tanner,? do not take explicitly into account the effect of
lipshocks emanating from the base region. Hama* has shown
conclusively that lipshocks can be of considerable strength.
Consequently, influence of lipshocks on the near wake, and
hence base pressures, can be significant. This raises the issue
of why Tanner’s theoretical values are in good agreement with
experimental data.

Base Pressure Calculations
Following Tanner’s notation, the equation to be satisfied is

Ki(Ma) 3 MLH = Fx(M,6) H* )

where 1/2K,(M.) is the nondimensionalized momentum
thickness of the reattaching shear layer and the function
F,(M,,B) is ratio of total pressures before and after wake
shock [=fn (Poo/Pyy)]. H* is the height of the ‘‘shear
layer-affected’’ wake shock and H is the reattaching shear-
layer thickness. '

It is assumed that the expansion fan is isentropic and the
pressure gradient across the shear layer is negligible. Hence,
base pressure is determined from the deflection angle of the
separating flow. The value of H*/H is assumed constant. It is
determined by equating Eq. (1) with a measured base pressure
at the condition M. = 1.73 with a small separating boundary
layer.- Thus, the value of H*/H is equal to 7.37.

Using Tanner’s theory, the author has made calculations
that are shown in Figs. 1 and 2. Tanner’s calculations are also
included in these figures along with experimental data.

Results and Discussion
Lipshocks and the H*/H Parameter

The lipshock is an important viscous phenomena. Behavior
of lipshocks is closely linked to the state of the separating and
reattaching boundary layers in a step or wedge flow.
Appearance of lipshock is due to an overexpansion of flow at
the separation edge. The expansion fan is terminated by the
lipshock, which then recompresses the flow to base pressure.
Shape, location, and strength of the lipshock are functions of
Mach number, Reynolds number, and geometry of the base
corner.

Consider a flow regime where a lipshock forms at a low
Mach number and high Reynolds number (typically 5 x 10°
based on freestream conditions and chord length), where the
separating boundary layer is laminar. Lipshock forms close to
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Fig. 1  Base pressure coefficient as a function of freestream Mach
number.
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Fig.2 Estimates of H*/H from flow visualization and present
calculation using base pressure coefficient from Nash and Eq. (1).

the separation point in the free shear layer and extends out
into the expansion fan. (See Fig. 1, Ref. 4.) As the Reynolds
number increases, the over-expansion becomes more severe
and the lipshock tends to rotate downward towards the axis in
the case of a wedge, or toward the wall in the case of a
rearward facing step.

Hama noted that by tripping the separating boundary layer,
the lipshock remained embedded in the free shear layer.
Lipshocks can be clearly seen in shadowgraphs (Fig. 9, Ref. 4)
and are detectable by pitot pressure measurements. A lipshock
of significant strength would thus affect the wake profile.
Shadowgraphs in Hama’s paper seem to suggest that the
lipshock, which is completely embedded in the shear layer, is
somewhat diffused by stresses associated with a turbulent-free
shear layer. It would seem reasonable then to assume that the
parameter H*/H is also a function of the Mach and Reynolds
numbers, because it is influenced by lipshock-wake shock
interaction. It is generally noted that strength of the wake
shock is considerable in the vicinity of the wake neck.
Estimates of H*/H taken from schlieren photographs and
shadowgraphs of earlier investigations were made assuming
that H is of the order of the wake neck.

Nash’ compiled the most probable values of Cp, with thin
separating boundary layers taken from experimental data.
Estimates of H*/H were calculated using these values of Cpp
and Eq. (1). The results are shown in Fig. 2. The available
experimental data is also included.
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The calculations show a trend whereby the value of H*/H
decreases as Mach numbers increase. Also, the value of H*/H
for base flows with turbulent separating boundary layers are
of the order of unity and show a trend similar to, but away
from, laminar ones. Results shown in Fig. 2 would therefore
suggest that Tanner’s assumption that H*/H being constant,
is at best approximate, and his suggested value of H*/H =7
would yield correct values of base pressures only at low
supersonic Mach numbers.

If we assume the lipshock to be of significant strength, then
flow geometry of the nearwake is necessarily altered. Conse-
quently, an effective shift of the wake shock toward the base
results in a decrease of entropy flux due to wake shock in the
real flow, as opposed to that in a purely inviscid flow. This
forward shift of the wake shock may be perceived as a
measure of entropy flux of shear layer and lipshock.

This is still consistent with the Oswatitsch’s theorem relating
entropy flux to drag. The schlieren photograph of Fig. 3 in
Ref. 5 clearly shows a forward translation of wake shock in
the real flow. An analogous situation is presented in incident
shock/flat plate boundary-layer interactions where the re-
flected shock wave shifts upstream of the equivalent inviscid
position.

It seems plausible, therefore, that there are two mechanisms
operating in the forward shift of wake shock in the base flow:
(1) the flow geometry is changed by overexpansion of the
flow, and (2) the reattaching shear layer-lipshock interaction.

Conclusion

Tanner’s theory neglects lipshocks, but he has implicitly
accounted for their influence in the ratio H*/H by equating
Eq. (1) with an experimental result. This would explain why
Eq. (1) gives a reasonable approximation to C,»(Mw). Yet
there seems to be no theoretical justification for this. In fact,
for turbulent base flow, it seems more appropriate to consider
that A*/H is of the order unity, and available experimental
data support this view.
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Source Term Decomposition
to Improve Convergence
of Swirling Flow Calculations
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Introduction

WIRLING flows are commonly encountered in aerospace

engineering applications. Typical examples are flow in a
gas turbine combustor, trailing vortex flow behind an aircraft,
etc. The governing differential equations for these flows are
the continuity and the Navier-Stokes equation, and in the
numerical calculation of such flows, two factors have an
important effect on the convergence characteristics of the
numerical scheme. The first is the pressure—velocity coupling
and the method used to resolve this coupling. The second is
the coupling between the momentum equations through their
respective source terms. Although the treatment of the pres-
sure—velocity coupling has been systematically studied in the
literature,!~> methods to resolve efficiently the source term
coupling between the momentum equations have not been
given the same degree of attention. However, in switling flows,
the source terms, and in particular, the centrifugal term pw?/r
in the radial momentum equation become important, and if
the source term coupling is not properly addressed, rather
poor convergence characteristics of the numerical scheme
is noted. The objective of this technical note is to present
a source term decomposition technique for the radial mo-
mentum equation which greatly enhances the convergence
properties of the calculation method and thus reduces the
computational time.

Governing Equations

The governing differential equations for steady, laminar,
axisymmetric, incompressible flow can be written as

Continuity:

du 1 3(mw)
ax YT or

350 ®

Axial momentum:

3%u 1 9 ( du
”—“’L?E(’W)] )

_ko _ pW (3)

Tangential momentum:

3w 1 3 ( 3w pw  puow
RU-VW=[L|:5;7+7W(T—(97)1|——2——T (4)
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